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Abstract
The purpose of this paper is to give a proof of Kummer type congruence for the q-
Bernoulli numbers of higher order, which is an answer to a part of the problem in a previous
publication (see Indian J. Pure Appl. Math. 32 (2001) 1565–1570).
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1. Introduction
Throughout this paper Zp , Qp and Cp will respectively denote the ring of
p-adic rational integers, the field of p-adic rational numbers and the completion
of algebraic closure of Qp. Let vp be the normalized exponential valuation of
Cp with |p|p = p−vp(p) = p−1. When one talks of q-extension, q is variously
considered as an indeterminate, a complex number q ∈ C, or a p-adic number
q ∈ Cp. If q ∈ Cp, then we assume |q − 1|p < p−1/(p−1), so that qx = exp(x×
logq) for each x ∈ Zp . In this paper, we use the notation
[x] = [x : q] = 1− q
x
1− q .
Let l be a fixed integer and let p be a fixed prime number. We set
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X= lim←−
N
(Z/lpNZ), X∗ =
⋃
0<a<lp
(a,p)=1
(a + lpZp),
a + lpNZp =
{
x ∈X | x ≡ a (mod lpN )},
where a ∈ Z lies in 0 a < lpN .
For any positive integer N, we set
µq(a + lpNZp)= q
a
[lpN ]
and this can be extended to a distribution on X (see [2]).
This distribution yields an integral for non-negative integer m:∫
X
[x]m dµq(x)= βm(q),
where βm(q) is called Carlitz’s q-Bernoulli number.
The Euler numbers Em are defined by the generating function in the complex
number field as
2
et + 1 =
∞∑
m=0
Em
tm
m! (|t|< π), (1)
where we use the technique method notation by replacing Em by Em (m  0),
symbolically; cf. [3,5,7].
The Bernoulli numbers of order k, B(k)n , are defined by
(
t
et − 1
)k
=
∞∑
n=0
B(k)n
tn
n! ; cf. [6,7]. (2)
Let u be algebraic in complex number field. Then Frobenius–Euler numbers
are defined by
1− u
et − u =
∞∑
n=0
Hn(u)
tn
n! ; cf. [3,4]. (3)
By (1) and (3), note that Hn(−1)=En.
In this paper, we will give the interesting formulae for sums of products of
q-Euler numbers (= the q-analogs of Frobenius–Euler numbers) by using p-adic
Euler integration which is defined by Shiratani and Yamamoto (see [4]). The
problem to prove p-adic congruence of Kummer type for q-Bernoulli numbers of
higher order was remained in a previous publication (see [2]). The main purpose
of this paper is to give a proof of Kummer congruence for q-Bernoulli numbers
of higher order.
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2. Extension of q-Euler and Bernoulli number
Let u ∈ Cp with |1 − uf |p  1 for each positive integer f. Then the p-adic
Euler measure is defined by
Eu(x)=Eu(x + dpNZp)= udpN−x
/(
1− udpN ); cf. [4].
Now, we define q-Euler polynomials of order n by(
u
1− u
)m
H(m)n (u, x : q)
=
∫
X
. . .
∫
X︸ ︷︷ ︸
m times
[x + x1 + · · · + xm]n dEu(x1) . . .dEu(xm). (4)
In the case x = 0, we use the following notations:
H(k)n (u,0 : q)=H(k)n (u : q), H (1)n (u : q)=Hn(u : q); cf. [5, p. 77].
In [4], Shiratani and Yamamoto gave the following formula:∫
Zp
xn dEu(x)= u1− uHn(u). (5)
By (4) and (5), we easily see that limq→1 Hn(u : q)=Hn(u).
For any positive integers m, H(m)n (u, x : q) can be written as
H(m)n (u, x : q)=
1
(1− q)n
n∑
j=0
(
n
j
)
(−1)j
(
1− u
u− qj
)m
qxj
=
n∑
j=0
(
n
j
)
[x]n−j qjxH (m)j (u, q).
We may now mention the following formulae which are easy to prove:(
u
1− u
)m
H(m)n (u, x : q)
= [l]n
l−1∑
l1,...,lm=0
uml−
∑m
i=1 li
(1− ul)m H
(m)
n
(
ul,
x + l1 + · · · + lm
l
: ql
)
, (6)
where
l−1∑
l1,...,lm=0
=
l−1∑
l1=0
l−1∑
l2=0
. . .
l−1∑
lm=0
.
For m = 1, q = 1, Eq. (6) is the same as the result of Shiratani and Yamamoto
(see [4]).
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Theorem 1. For α1, α2, . . . , αm ∈Cp and positive integer n,m, we have
H(m)n (u,α1 + α2 + · · · + αm : q)
=
∑
i1,...,im
n=i1+···+im
n−i1∑
k1=0
. . .
n−∑m−1l=0 il∑
km−1=0
(
n
i1, . . . , im
)(
n− i1
k1
)
. . .
(
n−∑m−1l=1 il
km−1
)
× (q − 1)
∑m−1
i=1 kiHk1+i1(u,α1 : q)Hk2+i2(u,α2 : q) . . .Him(u,αm : q),
where
(
n
i1,...,im
)
is the multinomial coefficient.
Remark. By using Theorem A at q = 1, we obtain formulas for sums of products
of the Riemann zeta functions at even integers and of other related infinite series;
cf. [7].
Remark. Note that Hn(−1)=∑nk=0 (n+1k )2kBk, where Bk are the kth ordinary
Bernoulli numbers.
3. Kummer congruence for the q-Bernoulli numbers of higher order
By using Volkenborn integral, it is well known that
t
et − 1 =
∞∑
n=0
∫
Zp
xn dµ0(x)
tn
n! , where µ0(x + p
NZp)= 1
pN
.
In a previous publication [1], we noted that
(
t
et − 1
)k
=
∞∑
n=0
∫
X
∫
X
. . .
∫
X︸ ︷︷ ︸
k times
(x1 + · · · + xk)n
× dµ0(x1) dµ0(x2) . . . dµ0(xk) t
n
n! . (7)
The q-Bernoulli polynomials of order k, β(k)n (x, q), are defined by
β(k)n (x, q)=
∫
X
∫
X
. . .
∫
X︸ ︷︷ ︸
k times
[x + x1 + · · · + xk]n
× dµq(x1) dµq(x2) . . .dµq(xk); cf. [2].
In the case x = 0, we write β(k)n (0, q)= β(k)n ; cf. [5, p. 77].
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By (2) and (7), note that limq→1 β(k)n = B(k)n ; cf. [2,7].
In [2], it was remained to prove the Kummer type congruence for the q-
Bernoulli numbers of higher order (or Nörlund polynomials). Now, we give the
proof of Kummer type congruence for β(k)n . Let χ be a Dirichlet character with
conductor f. We set p∗ = p for p  2, and p∗ = 4 for p = 2.
Let f¯ = (f,p∗) denote the least common multiple of the conductor f of χ
and p∗.
We define the generalized q-Bernoulli numbers of higher order with χ as
β(m)n,χ =
∫
X
. . .
∫
X
χ(x1 + · · · + xm)[x1 + · · · + xm]n
× dµq(x1) . . . dµq(xm). (8)
We easily get in (8)
β(m)n,χ = [l]n−m
l−1∑
x1,...,xm=0
q
∑m
l=1 xlβ(m)n
(
x1 + · · · + xm
l
: ql
)
× χ(x1 + · · · + xm). (9)
Note that limq→1 β(1)n,χ = Bn,χ , where Bn,χ is the generalized ordinary Bernoulli
number with χ. By (8), we have that
β(m)n,χ = limρ→∞
1
[f¯ pρ ]m
∑
1x1f¯ pρ
. . .
∑
1xmf¯ pρ
χ(x1 + · · · + xm)
× [x1 + · · · + xm]nq
∑m
i=1 xi (10)
holds for n 0.
Herein as usual we set χ(x1 + · · · + xm)= 0 if x1 + · · · + xm is not prime to
the conductor f. Thus
β(m)n,χ − [p]n−mχ(p)β(m)n,χ (qp)
= lim
ρ→∞
1
[f¯ pρ ]m
∑∗
1x1f¯ pρ
. . .
∑∗
1xmf¯ pρ
χ(x1 + · · · + xm)
× [x1 + · · · + xm]nq
∑m
i=1 xi . (11)
We choose a rational number c ∈ Z with (c, f¯ p)= 1, c = ±1.
Let x1 + x2 + · · · + xm run over the range 1  x1 + · · · + xm  (f¯ pρ)m,
(x1 + · · ·+ xm,p)= 1, xρ1 + xρ2 + · · ·+ xρm run over the range 1 xρ1 + xρ2 +· · · + xρm  (f¯ pρ)m, (xρ1 + xρ2 + · · · + xρm,p) = 1, and determine a number
rρ(x) ∈ Z by xρ1 + xρ2 + · · · + xρm = cx1 + · · · + cxm + rρ(x)(f¯ pρ)m.
In [2], it was shown that
dµq(x)= q − 1logq q
x dµ0(x), where µ0(x + pNZp)= 1
pN
.
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It is not difficult to prove that
qxρ1+···+xρm [xρ1 + · · · + xρm]n
≡ q
∑m
l=1 cxl [x1 + · · · + xm]n + q
∑m
l=1 cxl (f¯ pρ)mrρ(x)
×
(
logq[cx1 + · · · + cxm]n
+ q
∑m
l=1 cxl n[cx1 + · · · + cxm]n−1 logq
q − 1
)
(
mod (f¯ pρ)2m
)
. (12)
Hence, we have
1
[f¯ pρ ]m
∑∗
1xρ1f¯ pρ
. . .
∑∗
1xρmf¯ pρ
χ(xρ1 + · · · + xρm)
× [xρ1 + · · · + xρm]nqxρ1+···+xρm
≡ χ(c)[f¯ pρ ]m
∑∗
1xρ1f¯ pρ
. . .
∑∗
1xρmf¯ pρ
χ(x1 + · · · + xm)
× q
∑m
l=1 cxl [cx1 + · · · + cxm]n
+
(
q − 1
logq
)m−1 ∑∗
1xρ1f¯ pρ
. . .
∑∗
1xρmf¯ pρ
χ(c)χ(x1 + · · · + xm)
× q
∑m
i=1 cxi rρ(x)
{
(q − 1)[cx1 + · · · + cxm]n
+ q
∑m
l=1 cxl n[cx1 + · · · + cxm]n−1
}
(
mod (f¯ pρ)2m
)
. (13)
Now, we define the operator χy = χy:q on β(m)n,χ (q) by
χyβ(m)n,χ (q)= [y]n−mχ(y)β(m)n,χ (qy), χxχy = χx:q
y ◦ χy:q.
Let t = 1 − q with |t|p < p−1/(p−1). Now we define 〈x〉 = 〈x : q〉 = [x]/w(x),
where w(x) is the Teichmüller character. It is easy to see that 〈x〉 ≡ 1
(mod pmin(νp(p∗),νp(1−q))). Hence 〈x〉pn ≡ 1 (mod pn+1/(p−1)).
We set χk = χw−k. By using (11) and (13), we have(
1− χpn
)(
1− [c]mχcm
)
β(m)n,χn(q)
= lim
ρ→∞
∑∗
1x1f¯ pρ
. . .
∑∗
1xmf¯ pρ
rρ(x)
×
{
(q − 1)χ(cx1 + · · · + cxm)〈cx1 + · · · + cxm〉n
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+ q
∑m
i=1 cxi nχw−1(cx1 + · · · + cxm)〈cx1 + · · · + cxm〉n−1
}
× q
∑m
i=1 cxi
(
q − 1
logq
)m−1
. (14)
By (14), we obtain the following congruence:
Theorem 2. For k1 ≡ k (mod pn), we have
(
1− χpk
)(
1− [c]mχck
)β(m)k,χk
k
≡ (1− χpk1)(1− [c]mχck1)
β
(m)
k1,χk1
k1(
mod pn−νp(kk1)+νp(1−q)
)
.
Remark. The problem to prove p-adic congruence of Kummer type for q-
Bernoulli numbers of higher order in a previous publication (see [2]) is still open.
Theorem B is an answer to a part of problem in previous publication (see [2]).
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